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NACA ARR No. 15H18
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

ADVANCE RESTRICTED REPORT

NUMERICAL EVALUATICN BY HARMONIC ANALYSIS
OF THE ¢~FUNCZTION OF THE THZECDORSEX
ARBITRARY-AIRFOIL POTENTIAL THEORY

By Irven Naiman
SUMMARY

A finite trigonometric serles is fitted by harmonie
analysls as an epproximation function to the V-function
of the Theodorsen arbltrary-airfoil potentlal theory.

By harmonic synthesls the corresponding conjugate trigo-
nometric serles 13 used as an approximation to the
e-function. & set of coefficlents of partlcularly simple
form 13 obtalned algebralcally for direct calculatlon of
the e-values from the corresponding set of VY-values. The
formula for ¢ 1is

cot g% (w_k - wk)

where the summation is for odd values of k only and

v = v(o+ ZX

INTRODUCTION

In the determinetion of the flow about an arbitrary
alrfeil (references 1 and 2) the problem arises of trans-
forming a curve, nearly clrcular, into a circle. This
transformation, a basic problem 1ln confcrmal mapping, is
further reduced to the determlnation of the following
two conjugate Fourler serles:
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Z ag +§:’ (Bm cos my + b, sin mq;)
ns

Z (am sin m@ - b, cos mm)
m=

(See referencea 1 and 2 for significance of notation.)
The following integral relatlons are equivalent to series
relations (1):

-

2 an
www%j{l w(o')dmwgl;L (o) cot 9—'-2—2 ao*

} (2)

(m) = mie ) @' = @ gm
e{q) Cy ) vi(ig') cot > de

-

It is convenlent to Introduce a new variable
8 = @! « @ in relations (2). Becsuse of the cyclical
nuture of these functions, the limlits of integration may
be written -m to n. When the lntegral is broken Into
two parts, - to U0 and O to 1w, and =3 is substltuted
for s in the first part, the followlng relations are
obtalned:

1 ran

hi
V(o) = 5= | welo+ ;—ﬂf [c(qu 8) - «® - s)]eot %da
9

™
(o) =2-1; A [v(o - 2 -ww+s)]cot§ds

-

Thus, by use of relations (1), (2), or (3), ¢ may
be determined if ¢ 13 known or  may be determined
1f ¢ is known.
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In the airfoil problem ¥ 1s specified as a

function} of @ by means of acurve and € 1ls to be
deteruined. In theory the Fourler coefflcients may be
grtermined in relations (1) but in practice, because of
tha unknown ansalytic nature of the curve, it 1s neces-
qary to resort to some type of numerical anvroximatioa.

In refer:nzes 1 and 2 an approximate method of han-
dling the Integrals of prelations (2) 1s presented. 1In
reference 3 a refirement of this method 1s glven for the
same Iintegrals. An alternative procedure 13 to approxi-
mute reslations (1) by a finite trigononetric serles and
then to determine the coefficlients by harmonic analysls.
A development of this method 13 now glven.

HARNONIC ANALYSIS

The V¥~function is to be approximated by & finite
trigonometric serles glven by

Y(0)=Ag+ A cos @+ .. .+ A, 4 cos (n=1)0+ 4, cos nP

+ By sin® + ...+ By 1 8ln (n - 1)0

) 0 L
= dn t E (ﬁn cos m® + By sin m¢) + A, cos no
T

If ¢ 1is specified at 2n equally spaced intervals in
the range 0 £ 9 < 2r - that 1s, O, L EE, v ¢ s s

. n n
.(.5-9—-—]-'-)—" = then
n

=1
1
Ag = 3= v,
r=0

11n practice, V¥ 1s glven asz & function of
f = ¢ =« € and therefore V i3 tuzken as a function of ©
a3 a firat approximation. An 1ltaration process 1s neces-
sapry to determine both V¥ and ¢ correctly as func-
tions of O




h

where V¥, = W(I—:l)

Now

= i(ﬁ“ sin m¢ - B, cos mtp) + A, sin n9

n=1

1 N ru rv
K_S_ e:lnmw: Un cosm—n--cosmwg Vp 8in m==
m r T
1 r
+ — -
35 oin no E (-1)" v,
T

%Z Zwr sin m(cp - r?") + 5-1; sin an(-l)r Vi
r

m r

the order of summatlon is interchanged,
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1 .2;2"' n-L 1 Zzn'l r
<ie) = L E sln m(q: - 1%7-)+2-: sin no (-1; Vn
r=

m=] =0

Jew If € 1s evaluated st the same points o at which
the values of  are glven, that is, at the polnts

o= %!, the varisble becomes

0. ET o (2= r)w
T n n

and the last term becomes zero. After this substitution
13 performed,

2n=-1 n-1
- _ 1 = - kw
(o) =-= E Ve é sin m=—

m=1

The summation with respect to k 1s also from O to
2n = 1 because of the periodielty. But when % 1s odd,

n-=-1

sin :n"—‘nE = cot kn

&= 2n

when k 1s even,

n=1
sin xngz =0
n
m=1l

For odd velzes of k, therefore
1 21=-1

(o) = -~ E ¥y cot
k=1

kr
an
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13, - ke
(o) = = k_l(w_k k) cot 3=

Finally, then,

«(9) ""ick("’-k - %)

k=1

v, = ¥(o + K5

and for odd values of

- 3
ck=acot§K

and for even velues of k

Cx =0

Equation (4) thus gives the zame result es is
obtained by harmonic anwlysis and synthesis. Comparison
with equetions (3) indicates that equation (L) may elso
be interpreted as the evaluation of thls integral by the
ordinary rectangulsr summatlion formula using intervals
of width 2n/n and uslng the value of ths integrand at

1

the midpoint of ecch intervali, that 1s, at s = —
where k 1is odd. n

PRaCTICAL OBSERVATIONS

Equation (l}) uses only one~half the available
information. It is evlident that 8ll the points may be
used beceuse ell the given n points may be considered as
alternate (odd) polnts of a system of 2n polnts. The
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7value of € so computed 1s, of course, to be plotted at
o=-points midway betwe=2nn the given VY-points. The n velues
of ¢ +therefore glve values of € corresponding to an
anprexinetlon function conslsting of a trizonometric
3eries of n = 1 harmonics. Values of the coefficlent Ck
for n = 10, 20, 40, and B0 are given in table I. For
agmooth curves the present mzthod for n = 20 1s more
accurate than the LO-polnt method of reference 3 and
requires only one-Lhalf as much computational work.

Hov to handle small irregularities or bumps 1n the

v=curve 13 of 1nterest. One procedure 1s to_fair through
the bunp &nd to deslgnate the falred curve . The devie
ation frem ¥ 1s a Aw-curve. The conjugate T mcy bo
determined in the usual manner and a conjugatc A4¢ may
ts determined by use of a vary small interval, say,
n = 200, Tie desired e€-«values are glven by the sum of
€ 8and A¢, This method cannot be Justified on strict
mathematicel grounds hbut 1s prcbably more than adequate
for engineering purposes.

Langley Memorial Aeronautical Laboratory
National Advisory Committes for Aesronautics
Langley I'leld, Va.
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TABLE I.~ VALUES OF C, FOR USE WITH EQUATION (L)

Cx
n=1./0 n= 20 n = 40 n = 80
0.63138 0.63531 0.63629 0.6365
.13626 .28327 21122 .2119%
«10000 .12071 .12368 12691
.05023 .o&lsz .U3886l; .09037
0158 .ozgs <0777 . 06999
-04270

05697
.0306L

OoL4LE 04790
.02071 03742 04121
.01200 03171 .0360
.0039. .0270L .0%19
.02311 .0285
.01971 02577
.01670 .02339
.01L0¢ .02133
.N1153 «0195
. 00922 L0179
#0705 01651
.oougz 01523
.0029 01507
«00098 .01300
.01202
.01111
.01626
Vo9l
00871
.008CY
0073
.00663
.00606
.ooz 7
.00L89
«00433
.00379
00326
00274
.0N223
.00173
0012
.0007
.00025

2
37
i
L3
7
49
51
23
22
20
21
&2
€7
69
71
3
75
17
9
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